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0 Motivation — an overview of the sfafus quo

[0 Translating the sfatic single assignment (SSA) form info the
administrative normal form (ANF) of lambda calculus

O Applying the technique to the sparse conditional constant
propagation (SCC) algorithm

THE PLAN



0 We need a verified optimizing compiler
[0 Optimization algorithms are:

x complex
x inadequately specified
[0 Fix the data structures before fixing the algorithms!

Contributions:
[0 Formalize the correspondance between the Stafic Single
Assignment form and a direct-style lambda calculus

[0 Redefine Wegman-Zadeck's Sparse Conditional Constant
Propagation using our infermediate representation

[ Formally establish soundness of the new algorithm

MOTIVATION



x < input Summary:
r 1 ,
e Low-level representation
l e Informal semantics

w— o — 1 . e Emphasis on control flow

\ yes

return r

CONTROL FLOW GRAPHS



CONTROL FLOW GRAPHS

x < input Summary:
r <1 ,
e Low-level representation
l e Informal semanftics
T <—T*x2X .
w— o — 1 . e Emphasis on confrol flow
l However, many (most?)
optimizations require dafa flow
r =07 information:
\ e EXxpensive to compute
yes
e Reusable
return r

CONTROL FLOW GRAPHS
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CONTROL FLOW GRAPHS & DATAFLOW INFORMATION

T «— 1nput
r 1
summary:
e Def-Use chains: defs refer to uses

and uses refer to defs

no

e Analyses need a dense mapping
of variables to abstract values

x Expensive to represent
and update!

return r

CONTROL FLOW GRAPHS & DATAFLOW INFORMATION



To < input
rog < 1

|

QOverview:

e Each variable has exactly one

71 < ¢(0, T2) defining occurence
1 < QS(TO) TQ)
To < T1 * T o o Values from different control flows
Ty — x1 — 1 merged via ¢ functions
\ e ¢ functions placed by

computing the dominaftor free
of the procedure

l yes

return 7o

STATIC SINGLE ASSIGNMENT FORM



: Evaluation I:
To < Input

ro < 1 v Sparse representation
! v Split variables improve
1 — ¢(Z0, T2) the accuracy of analyses
ry <— ¢(’I°0, TQ) . . e .
Fo < T % X1 _  dignificantly reduces complexity
xTo — 11 — 1 of optimizations, such as:
\ e Cconstant propagation

- e parfial redundancy elimination
Iy = U!
e Value numbering

es
ly e ...

return ro

STATIC SINGLE ASSIGNMENT FORM



STATIC SINGLE ASSIGNMENT FORM

Zo < Input Evaluation I
rog < 1
| x Still no scoping
71 — ¢(z0, T2) x Still only informal semantics
r1 < ¢(ro,2) x Difficult to add a type system:
ro <= T1 %X no

332%331—1

l yes

return ro

STATIC SINGLE ASSIGNMENT FORM



T < input Evaluation II:

rog < 1
| x Still no scoping
21 — d(z0, 2) x Still only informal semantics
r1 < ¢(ro, r2) x Difficult fo add a type system:
Ty <= T1*X1 no
XTo — T1 — 1 e ¢ parameters out of context
\ e ANnalysis requires a
large environment
z2 =07 v However, there are improved
l » versions, such as Gated SSA
return 7o

STATIC SINGLE ASSIGNMENT FORM 7-A



In every FORTRAN program
hides a functional program frying fo get out

STATIC SINGLE ASSIGNMENT FORM



ADMINISTRATIVE NORMAL FORM

Restricted direct-style lambda calculus:
[0 no nested let’s
0 no nested function applications
[0 no anonymous lambda expressions

ADMINISTRATIVE NORMAL FORM



ADMINISTRATIVE NORMAL FORM

Syntax:

ADMINISTRATIVE NORMAL FORM
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ADMINISTRATIVE NORMAL FORM

Syntax:

e i= Iet QZZ’Uin (& °® Copy
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ADMINISTRATIVE NORMAL FORM

Syntax:

e .= Iet QZZ’Uin (& ‘ °® Copy
let z=wv(v)in e
o Calls
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ADMINISTRATIVE NORMAL FORM

Syntax:
e .= Iet QZZ’Uin (& ‘ °® Copy
let z=0v(v)in e |
e CaAlls
v
e returns

ADMINISTRATIVE NORMAL FORM 10-C



ADMINISTRATIVE NORMAL FORM

Syntax:
e .= Iet QZZ’Uin (& ‘ °® Copy
let z=0v(v)in e |
e Calls
v
v(D) e returns
e JUMPS

ADMINISTRATIVE NORMAL FORM
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ADMINISTRATIVE NORMAL FORM

Syntax:
e »=let z=9vIn e ‘ ° Copy

let z=v(®)Iin e |

e CaAlls
v |
v(D) | e returns
if vthen e; else es .

e JUMPS

e branches

ADMINISTRATIVE NORMAL FORM 10-E



Syntax:

e .= Iet x:?}ln (& | S Copy
let z=v(®)Iin e |
e calls
v |
v(v) | e returns
If vthen e; else es .
= e JUMPS
letrec fin e
f o= z(x)=e¢ e branches

e code labels

ADMINISTRATIVE NORMAL FORM 10-F



If vthen e; else es
letrec  fin e

f o= x(Z) =e

Evaluation:
v Natural scoping

v Clean operational
semantics

v Easily type-checked

vz Yet still close
to assembly language!

ADMINISTRATIVE NORMAL FORM
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ADMINISTRATIVE NORMAL FORM

SO where do | get some?

ADMINISTRATIVE NORMAL FORM
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ADMINISTRATIVE NORMAL FORM

SO where do | get some?

Translate an SSA program!

0 Semi-formal correspondence between programs in SSA form
and CPS (Kelsey, 1995)

[0 Semi-formal franslation from SSA form into lambda calculus
(Appel, 1998)

0 We present a formal translation from SSA form to ANF
(based on dominator trees)

ADMINISTRATIVE NORMAL FORM
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STRUCTURED SSA FORM

proc fac(x) {
goto L,
Li: {
ro «— o(start:1, L 1. 1)
Xo « ¢(start:x, L 1:X 1)
if X o then goto L ; else ret r

Lot 1 1 «— mul(r 0, X 0)
X1 <« sub(x o, 1)
goto L ;

0

STRUCTURED SSA FORM
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TRANSLATING STRUCTURED SSA 1O ANF

proc fac(x) { letrec fac(x) =

TRANSLATING STRUCTURED SSA TO ANF
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TRANSLATING STRUCTURED SSA TO ANF

proc fac(x) { letrec fac(x) =
letrec fac’( ) =
Li:{ letrec  fac’() =
Lo: IN
In
}
} in

TRANSLATING STRUCTURED SSA TO ANF 14-A



TRANSLATING STRUCTURED SSA 1O ANF

proc fac(x) { letrec fac(x) =
letrec fac’( ) =
Li:{ letrec  fac’() =

let r | = mul(r 0, X())
let Xx 1 = sub(x o, 1)

if  Xo else ret r in
Lol mUI(r 0, Xo) N
X1 < sub(x o, 1) if X o else r o
N
}
} in

TRANSLATING STRUCTURED SSA TO ANF 14-8



TRANSLATING STRUCTURED SSA 1O ANF

proc fac(x) { letrec fac(x) =
goto L letrec fac’( ) =
L1:{ letrec  fac’() =

let r | = mul(r 0, X())
let Xx 1 = sub(x o, 1)

if Xo goto L ; else ret r g in fac'( )
Loiry « mul(r o, Xo) In
X1 < sub(X o, 1) if x o fac’() else r o
goto L , n
) fac’( )
} in

TRANSLATING STRUCTURED SSA TO ANF 14-C



TRANSLATING STRUCTURED SSA 1O ANF

proc fac(x) { letrec fac(x) =
goto L letrec fac’(x 0, I 0) =
L1:{ letrec  fac’() =
ro «— o ) let r 1 = mul(r o, Xo)
Xo «— &( ) let X 1 = sub(x o, 1)
if Xo goto L | else retr | in fac’( )
loiry «— mul(r o, Xo) in
X1 < sub(X o, 1) if x o fac’() else r o
goto L n
1 fac’( )
} in

TRANSLATING STRUCTURED SSA TO ANF 14-D



TRANSLATING STRUCTURED SSA 1O ANF

proc fac(x) { letrec fac(x) =
goto L letrec fac’(x 0, I 0) =
L1:{ letrec  fac’() =
ro «— o¢(start:1, L 1. 1) let r 1 = mul(r o, Xo)
Xo « o¢(startx, L1:X 1) let X 1 = sub(x o, 1)
if Xo goto L ; else ret r | in fac’(r 1, X 1)
loiry «— mul(r o, Xo) in
X1 < sub(X o, 1) if  Xo fac’() else r o
goto L n
1 fac’(x, 1)
} in

Formal definifion presented in the paper.

TRANSLATING STRUCTURED SSA TO ANF 14-€



0 A way of tricking hackers info writing functional programs
O A way of thinking about functional programs as SSA programs

e applying SSA algorithms to functional programs
O A way of thinking about SSA programs as functional programs

e applying formal techniques to SSA programs

S0, let’s have a look at a concrete algorithm. . .

WHAT HAVE WE GAINED?

15



SPARSE CONDITIONAL CONSTANT PROPAGATION

proc seven(x) {
goto L,
Li:X o «— o(start:1, L 1:X 1)
X1 « sub(x o, 1) proc seven(x) {
If x 1 then N ret 7
goto L ; }
else

ret 7

The original SSA algorithm (Wegman & Zadeck, 1991)
rather informally presented. ..

SPARSE CONDITIONAL CONSTANT PROPAGATION
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SPARSE CONDITIONAL CONSTANT PROPAGATION
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A FRAGMENT OF SCC ,n~

Alv] r 2 = (I'v, I', 2)
Alf(vy, -, op)] r N
| f € Prim :8Abs[[f([’vl, e Top) ]
| otherwise = (I''f, I'", if changed then 2 U {f} else 2)
where
fisdefinedas f(xq1, ..., xn)= €
r’ =I'N[f— L,z — Tvy,...,zy — [uy]
changed = 3i.I'v; T I'v; — indicates whether I changed
Alletrec f1,...,fpin e]I 9] =
let
(a, 1", 02") = Ale]I'{}
(r'’, 2"y = Aglfi, - I (U Q)
in
if '’ == 1" then (a, I'’, 2'') else Afletrec f1,...,fnin e]I"' 2"
Ag [funy, - .., funp]I'2 | Bif; € 2 = (I', 2)
| otherwise =
let
(a, 17, 2"y = Ale] T {}
r’’ =TI’ N[f; — a]
o' =0 U 2"\ {f;}
1in
Agix [funy, . .. ,funn]][’//(if I'f; C I'athen ! U (Occf; N Dom I') else Q//)
where
(fi(zq1, ..., zm)=e) = fun,

A FRAGMENT OF SCC anF
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Denoted in TeX- ised Haskell

Operates on programs in ANF

Split into “analysis” and “simplification” stages
Operates over the standard lattice N| for constant
propagation:

(N I R I B

T (not a constant)

/a

(no information available)

AN OVERVIEW OF SCCanF

19



Analysis proceeds by abstract interpretation under an
environment I' mapping variables to lattice values

Maintains a work list Q of functions to visit by

e inspecting call sites and
e fracking free variables for changes to abstract variables

Functions added to the work list whenever any of its free
variables is refined in the environment

letrec’s are processed recursively unftil the work list is emptied

The resulting abstract environment contains all information
obtained about any constants

Simplification phase replaces variables by constant values and
eliminates redundant branches

SO, HOW DOES IT WORK?

20



letrec f(x) =

let X’ = sub(X, X)

if X' then

f(x)

else

N
f(7)

SO, HOW DOES IT WORK?
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letrec f(x) =

let X’ = sub(X, X)

if X' then

f(x)

else

N
f(7)

F'={f—1Lz—7},Q={f}

SO, HOW DOES IT WORK?
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letrec f(x) =

let X’ = sub(X, X)

if X' then

f(x)

else

N
f(7)

F={f—1L,z—7},Q={}

F'={f—1Lz—7},Q={f}

SO, HOW DOES IT WORK?

21-B



letrec f(x) =
F={f—La—T0={)

let X’ = sub(X, X)
r={f—1lz—72—0},Q={}

if X' then

f(x)

else

N
f(7)
F'={f—1Lz—7},Q={f}

SO, HOW DOES IT WORK? 21-C



letrec f(x) =
F={f—La—T0={)

let X’ = sub(X, X)
r={f—1lz—72—0},Q={}

if X' then

f(x)

else
F={f—T2z—72—0}Q={f}
N

f(7)
F={f—Llao—7,Q=/{f}

SO, HOW DOES IT WORK?

21-D



letrec f(x) =
F={f—Ll2z—7},Q={}

let X’ = sub(x, Xx)
Fr={f—L1Lz—72—0}Q=1{}

if X' then

f(x")

else
F={f—T2—72—0},Q={f}

in
#(7)
I'={frLa—7}Q={f}
I'={f—T72—72—0},Q={f}

SO, HOW DOES IT WORK?

21-E



letrec f(x) =
D= {fLa—Th0={)
F={f—T7T2—712—0}Q=1{}
let X’ = sub(X, X)
Fr={f—1Lz—72—0},Q={}
F={f—T2—72—0},Q={}

if X' then

f(x)

else

F={f—72x—72—0},Q={f}
F={f—T72—712—0},Q=1{}
in
f(7)
F={f—1Lz—7},Q={f}
F={f—72—72—0},Q={f}

SO, HOW DOES IT WORK?

21-F



letrec f(x) =

let X’ = sub(X,

If X then

f(x)

else

N
f(7)

1)

SO, HOW DOES IT WORK?
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letrec f(x) =
F'={f—L1Lz—7},Q={}

let X’ = sub(X, 1)

If X then

f(x)

else

N
f(7)

SO, HOW DOES IT WORK? 22-A



letrec f(x) =
F'={f—L1Lz—7},Q={}

let X’ = sub(X, 1)
r={f—1lz—72—6},Q={}

If X then

f(x)

else

N
f(7)

SO, HOW DOES IT WORK? 22-B



letrec f(x) =
F'={f—L1Lz—7},Q={}

let X’ = sub(X, 1)
r={f—1lz—72—6},Q={}
N
if X' then
f(x’)
'={f—Llaz—T,2"—6},Q={f}
else
X
N
f(7)

SO, HOW DOES IT WORK? 22-C



letrec f(x) =
F'={f—L1Lz—7},Q={}
F={f—Llz—T,2'—6},,Q={}

let X’ = sub(X, 1)
r={f—lxa—72"—6},Q=1{}
In
if X' then
f(x’)
Fr={f—lLz—T,2'—6},Q={f}
else
X
In
f(7)

SO, HOW DOES IT WORK? 22-D



letrec f(x) =
F'={f—L1Lz—7},Q={}
F={f—Llz—T,2'—6},,Q={}

let X’ = sub(X, 1)
r={f—1lz—72—6},Q={}
Fr={f—Lz—T,2'—T}HQ={}
In
if X then
f(x’)
Fr={f—Lz—T,2—6},Q={f}
else
X
In
f(7)

SO, HOW DOES IT WORK? 22-E



letrec f(x) =
F'={f—L1Lz—7},Q={}
F={f—Llz—T,2'—6},,Q={}

let X' = sub(x, 1)
Fr={f—L1Lz—72—6},Q=1{}
F={f—Laz—T,2'—T},Q={}
In
it x then
f(x")
Fr={f—Lz—T,2—6},Q={f}
F={f—Lz—-T,2—T}Q={}
else
X

I'={f—T,2—T,2—T})Q={f}
in
t(7)

SO, HOW DOES IT WORK? 22-F



WORK COMPLEXITY

[0 Each variable updated at most three times
(same as SCCgsa)
[0 Each function processed once for each change to its free

variables
(in SCCgssa. processed once for each incoming SSA edge)

O Number of free variables corresponds directly to number of SSA
edges
O Therefore, SCC 4nr has the same work comlexity as SCCgssa.

WORK COMPLEXITY 23



0 SCCanr performs inter-procedural analysis fransparently,
although alias analysis and perforrnance still a problem

O Vanilla SCC 4y r cannot handle higher-order functions
[0 The algorithm does not preserve non-termination
[0 Optimistic algorithms are difficult to analyze:

e environment invalid unfil fixpoint reached
e Vvery complex invariants

OBSERVATIONS
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Benefits of ANF;
O Simplifies the operational semantics, the environment and
therefore static analysis and formal reasoning

[ Allows us o view imperative programs as encodings of
functional programs

[0 Allows us to adopt SSA algorithms for compilafion of functional
programs

0 Infegrates infra- and inter-procedural analysis
[0 Straight forward extension to higher-order functions

CONCLUSIONS
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